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Complaint wallsAbstract The credibility of a computational analytical solution of time dependent mean velocity
for magneto hydrodynamic (MHD) peristaltic flow of an electrically conducting couple stress fluid
in an uniform elastic porous channel is analyzed and assessed. The effect of slip condition has been
studied. Mathematical model is formulated assuming small Reynolds number and long wavelength
approximations. Various aspects such as Magnetic parameter, Darcy number, slip parameter and
couple stress parameter are discussed through graphs under the existence and non existence of both
stiffness and viscous damping force. It is noticed that the time dependent mean velocity increases
with increase in the Magnetic parameter in presence of elastic parameters and flow reversal occurs
at the center line of the channel.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Peristaltic transport is an effective method to move fluid.
Through peristalsis the contents in the esophagus are moved
due to contraction and relaxation. Many biological systems
use peristaltic mechanism for fluid transports as seen in
gastro-intestinal track, urinary system, flows from the kidney
to the bladder and in many other ducts. Many researchers have
worked on applications of peristaltic transport in variousengineering fields. Peristaltic mechanism has led to the
manufacturing of mechanical pumps wherein we can avoid
direct contact of the transported fluid with any moving parts
such as plungers, valves and rotors. It has also helped to develop
finger and roller pumps. These are used in pumping mechanism
during open heart bypass, dialysis and infusion pumps, etc.
Kill’s [1] research work has given relevance about the phys-
iological applications of peristalsis. Some authors [2–7] have
talked more about peristaltic flow under long wavelength
approximation and small Reynolds number. Later Raju and
Devananthan [8] discussed the peristaltic transport of non-
Newtonian fluid. Flow of blood in small vessels with peristalsis
was developed by Misra and Pandey [9]. The slip effect essen-
tial in non-Newtonian system in a channel has been discussed
by Ellahi [10]. The endoscopy and slip effect on blood flow of
Nomenclature
d half width of the channel
q density
a amplitude of the wave
c wave speed
Da Darcy number
k permeability of the porous medium
g expression defined by (1)
d wall slope parameter
p pressure
p0 pressure applied on the external surface of the wall
due to tension in the muscles
L expression defined in (3)
B0 magnetic field
u time dependent mean velocity
t time
u axial velocity in the wave frame
v transverse velocity in the wave frame
x axial co ordinate in the wave frame.
y transverse co ordinate in the wave frame
H0 magnetic parameter (Hartmann number)
a couple stress parameter
b slip parameter
2 amplitude ratio
Re Reynolds number
k wavelength
E1 rigidity
E2 stiffness
E3 viscous damping force
2100 G.C. Sankad, P.S. Nagathanparticle–fluid suspension induced by peristaltic wave through a
non-uniform annulus is studied by Bhatti et al. [11].
A porous medium is the matter which contains a number of
small holes distributed throughout the matter. There are exam-
ples of natural porous medium such as beach sand, wood and
loaf of bread. Examples of porous medium in human body are
gall bladder, human lung and kidneys. Several researchers
have applied the general Darcy’s law in their research on
porosity. Beavers and Joseph [12] experimentally studied the
flow of fluid at the boundary between the fluid layers and
the porous medium and suggested boundary conditions with
slip at the interface. Couple stress fluid helps to describe the
characteristics of rheologically intricate fluid viz., long chained
polymeric suspension molecules, liquid crystals and lubrication
of human blood. Stokes [13] theory on couple stress has helped
to study the flow of blood through micro vessels considering
size of red blood cells.
The magneto hydrodynamic (MHD) peristaltic flow has
gained importance in the study of conductive fluids such as
blood. Sud et al. [14] found that blood accelerates with the
application of suitable moving magnetic fields. Induced mag-
netic field effect of couple stress fluid in the peristaltic motion
is analyzed by Mekheimer [15]. Sankad and Radhakrishna-
macharya [16] studied the effect of compliant wall on the peri-
staltic transport of couple stress fluid with magnetic field in a
channel. Shit and Roy [17] investigated the effect of channel
inclination on the peristaltic flow of a couple stress fluid in
the existence of externally applied magnetic field. Recently,
Hummady and Abdulhadi [18] have studied the effect of
MHD on the peristaltic flow of Newtonian fluid with couple
stress in porous medium with slip conditions. Peristaltic flow
of couple stress fluid with wall properties in magneto hydrody-
namic (MHD) field is examined by Hina et al. [19]. Hayat et al.
[20] studied MHD peristaltic transport of nanofluid in a chan-
nel with wall properties in the presence of viscous dissipation,
partial slip and Joule heating effects. Many researchers [21–25]
have worked on peristaltic flow considering different proper-
ties such as compliant wall, MHD, and porous. Recently,Bhatti et al. [26] investigated the combined effects of MHD
and partial slip on the peristaltic blood flow of Ree-Eyring
fluid in porous medium with compliant walls. They found that
velocity profile increases with respect to slip effects and
decreases with the Hartmann number.
In this paper, we study the effects of compliant wall in
MHD peristaltic flow of couple stress fluid in a uniform porous
medium with slip. Solution is obtained using small Reynolds
number and long-wavelength approximations wherein the
amplitude ratio is small and numerical results are analyzed
for different physical parameters.
2. Mathematical model
We present, modeling of a porous channel with viscous incom-
pressible fluid. Let us consider the unsteady peristaltic motion
of a non-Newtonian electrically conducting couple stress fluid
in a channel with compliant walls. The uniform channel width
is taken as 2d and the wave is considered to be moving with
wave speed c. The x axis is along and y axis is perpendicular
to the channel wall (see Fig. 1).
The wall deformation is given by
y ¼ gðx; tÞ ¼ dþ asin 2p
k
ðx ctÞ; ð1Þ
where k is the wave length, a is amplitude of the channel walls.
The equation of motion of the wall is given by
LðgÞ ¼ p p0; ð2Þ
where the operator L represents the motion of elastic mem-
brane with viscous damping force given by
L ¼ T @
3g
@x3
þm @
3g
@x@t2
þ C @
2g
@x@t
: ð3Þ
The elastic tension in the wall is T, the mass per unit area is m
and coefficient of the viscous damping force is denoted by C.
The governing equations for the problem under boundary
conditions are as follows:
Figure 1 Schematic representation of peristaltic motion.
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@u
@x
þ @v
@y
¼ 0: ð4Þ
Momentum equations:
q
@u
@t
þ u @u
@x
þ v @u
@y
 
¼  @p
@x
þ lr2u hr4u l u
k
 rB20u;
ð5Þ
q
@v
@t
þ u @v
@x
þ v @v
@y
 
¼  @p
@y
þ lr2v hr4v l v
k
: ð6Þ
Here the velocity components in x and y directions are u
and v respectively, q is the density of the fluid, k is the perme-
ability of the porous medium, l is the coefficient of viscosity, h
is the constant associated with couple stress,r2 ¼ @2
@x2
þ @2
@y2
,
r4 ¼ r2r2, p denotes the pressure and r is the electrical con-
ductivity of the fluid. The fluid is permeated by a uniform mag-
netic field, p0 is the pressure applied on the external surface of
the wall because of the tension in the muscles and B0 is the
magnetic field which is applied perpendicular to the flow.
The relevant boundary conditions are
@u
@y
¼ 0; @
3u
@y3
¼ 0; at y ¼ 0; ð7Þ
u ¼ d
ﬃﬃﬃﬃﬃﬃ
Da
p
b
@u
@y
; y ¼ gðx; tÞ: ð8Þ
Here b is the slip parameter and Da is the Darcy number.
Vanishing the couple stresses,
@2u
@y2
¼ 0; at y ¼ g: ð9Þ
Referring to Mittra and Prasad [27] the dynamic boundary
conditions are
@
@x
LðgÞ ¼ q @u
@t
þ u @u
@x
þ v @u
@y
 
þ lr2u hr4u
 rB20u; y ¼ g x; tð Þ; ð10Þ
where
@
@x
LðgÞ ¼ @p
@x
¼ T @
3g
@x3
þm @
3g
@x@t2
þ C @
2g
@x@t
: ð11Þ
Using thesex0 ¼ x
k
; y0 ¼ y
d
; t0 ¼ ct
k
; u0 ¼ u
c
; v0 ¼ kv
cd
; p0 ¼ d
2p
lkc
; g0 ¼ g
d
; ð12Þ
in Eqs. (4)–(9) we finally get
@u
@x
þ @v
@y
¼ 0; ð13Þ
Red
@u
@t
þ u @u
@x
þ v@u
@y
 
¼  @p
@x
þ d2 @
2u
@x2
þ @
2u
@y2
 
 1/2 d
2 @
2
@x2
þ @
2
@y2
 
d2
@2u
@x2
þ @
2u
@y2
 
 u
k
H20u;
ð14Þ
Red
3 @v
@t
þ u @v
@x
þ v @v
@y
 
¼@p
@y
þ d2 d2 @
2v
@x2
þ @
2v
@y2
 
 d
2
/2 d
2 @
2
@x2
þ @
2
@y2
 
d2
@2v
@x2
þ @
2v
@y2
 
 d2 v
k
:
ð15Þ
The corresponding boundary conditions then take the
following form:
@u
@y
¼ 0; @
3u
@y3
¼ 0 at y ¼ 0; ð16Þ
u ¼ 
ﬃﬃﬃﬃﬃﬃ
Da
p
b
@u
@y
;
@2u
@y2
¼ 0 at y ¼ gðx; tÞ
¼  1þ esin2pðx tÞð Þ; ð17Þ
and
Red @u
@t
þ u @u
@x
þ v @u
@y
 
þ d2 @
2u
@x2
þ @
2u
@y2
 
 1/2 d
2 @
2
@x2
þ @
2
@y2
 
d2
@2u
@x2
þ @
2u
@y2
 
H20u
¼ E1 @
3g
@x3
þ E2 @
3g
@x@t2
þ E3 @
3g
@x@t
at y ¼ gðx; tÞ: ð18Þ
Here Re ¼ qcdl
 
is the Reynolds number, /¼ ﬃﬃl
h
p
d
 
is the
couple stress parameter, Da ¼ k
d2
is Darcy number,
H0 ¼ B0d
ﬃﬃ
r
l
q
is the Magnetic parameter, d ¼ dk
 
is wall slope
parameter and e ¼ a
d
 
is the amplitude ratio, which are the
geometric parameters.
The elasticity parameters are defined as E1 ¼ Td3clk3
 
,
E2 ¼ lcd3lk3
 
, E3 ¼ Cd3lk2
 
. The parameter E1 represents the rigid-
ity, E2the stiffness and E3 the viscous damping force in the
wall.
3. Method of solution
Using small Reynolds numbers and long wavelength approxi-
mations, Eqs. (13)–(15) reduce to
Figure 2a e ¼ 0:2; E1 ¼ 0:003; E2 ¼ 0:004; E3 ¼ 0:02; b ¼ 0:1;
Da ¼ 0:1;H0 ¼ 1.
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@x
þ @v
@y
¼ 0; ð19Þ
0 ¼  @p
@x
þ @
2u
@y2
 1
a2
@4u
@y4
 u
k
H20u; ð20Þ
0 ¼  @p
@y
: ð21Þ
The boundary conditions (16)–(18) become
@u
@y
¼ 0; @
3u
@y3
¼ 0 at y ¼ 0; ð22Þ
u ¼ 
ﬃﬃﬃﬃﬃﬃ
Da
p
b
@u
@y
;
@2u
@y2
¼ 0 at y ¼ gðx; tÞ
¼  1þ esin2pðx tÞð Þ; ð23Þ
and
@2u
@y2
 1
a2
@4u
@y4
H20u ¼ E1
@3g
@x3
þ E2 @
3g
@x@t2
þ E3 @
2g
@x@t
at y
¼ gðx; tÞ: ð24Þ
The solution of Eqs. (20) and (21), with the boundary
conditions (22)–(24), is
u ¼ E
MH20
m1m2 m22
H20/2
þm2
m1
M 1m2T5
m1T1
þ T6
T2
	 

; ð25Þ
where
E ¼ e½ð2pÞ3cos2pzðE1 þ E2Þ  E3ð2pÞ2sin2pz;
M ¼ m1m2 m
2
2
H20/2
þ
ﬃﬃﬃﬃﬃﬃ
Da
p
b
m2
T4ﬃﬃﬃﬃﬃﬃ
m2
p  T3ﬃﬃﬃﬃﬃﬃ
m1
p
 
;
H¼ 1
Da
þH20; m1¼
a2þa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a24H
p
2
; m2¼ a
2a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a24H
p
2
;
T1 ¼ coshð ﬃﬃﬃﬃﬃﬃm1p gÞ; T2 ¼ coshð ﬃﬃﬃﬃﬃﬃm2p gÞ; T3 ¼ Tanhð ﬃﬃﬃﬃﬃﬃm1p gÞ;
T4 ¼ Tanhð ﬃﬃﬃﬃﬃﬃm2p gÞ; T5 ¼ coshð ﬃﬃﬃﬃﬃﬃm1p yÞ; T6 ¼ coshð ﬃﬃﬃﬃﬃﬃm2p yÞ:
The time dependent mean velocity u obtained over a single
period of motion is
u ¼
Z 1
0
udt: ð26ÞFigure 2b e ¼ 0:2; E1 ¼ 0:003; E2 ¼ 0:0; E3 ¼ 0:0; b ¼ 0:1;
Da ¼ 0:1; H0 ¼ 1.4. Discussion
For this problem, we have obtained the analytical solution
using small Reynolds number and long-wavelength approxi-
mations. The results are graphically analyzed directly with
the Mathematica software package. With reference to Eq.
(25), two real valued arbitrary functions m1 and m2 are
required to determine the results of axial velocity (u). Here
m1 ¼ a2þa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a24H
p
2
and m2 ¼ a2a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a24H
p
2
, depend on permeability
parameter (k), Magnetic parameter (H0) and couple stress
parameter (a) with a2 > 4H.
In this paper, the numerical results have been performed to
investigate the effects of various parameters in presence andabsence of stiffness (E2) and viscous damping force (E3). The
effects of Magnetic parameter (H0), couple stress parameter
(a), slip parameter (b), Darcy number (Da) and elastic param-
eters (E1, E2, E3) on time dependent mean velocity and reversal
flow are shown in Figs. 2–6.
Figs. 2a and 2b illustrate the influence of couple stress
parameter (/) on time dependent mean velocity (u). From
Fig. 2a, the time dependent mean velocity decreases as the
couple stress parameter increases, in the presence of both stiff-
ness and viscous damping force ðE2–0;E3–0) at H0 ¼ 1. It is
also observed that the time dependent mean velocity becomes
negative i.e. flow reversal takes place. But in the absence of
stiffness and viscous damping force ðE2 ¼ 0;E3 ¼ 0), the
increase in couple stress parameter increases time dependent
mean velocity with fixed values of other parameters as shown
in Fig. 2b.
The impact of slip parameter (b) is presented in
Figs. 3a and b. As the slip parameter b increases we observe
a decrease in the time dependent mean velocity at non-zero
elastic parameters and reversal flow is sketched as shown in
Fig. 3a. From Fig. 3b it is noticed that, the time dependent
mean velocity increases with the slip parameter b at H0 ¼ 1
under the absence of stiffness and viscous damping force.
Figure 3b e ¼ 0:2;E1 ¼ 0:003;E2 ¼ 0:0;E3 ¼ 0:0;/¼ 10;
Da ¼ 0:1;H0 ¼ 1. Figure 5a e ¼ 0:2;E1 ¼ 0:003;E2 ¼ 0:004;E3 ¼ 0:02;/¼ 10;
b ¼ 0:1;Da ¼ 0:1.
Figure 3a e ¼ 0:2;E1 ¼ 0:003; E2 ¼ 0:004;E3 ¼ 0:02;/¼ 10;
Da ¼ 0:1;H0 ¼ 1.
Figure 4b e ¼ 0:2;E1 ¼ 0:003;E2 ¼ 0:0;E3 ¼ 0:0;/¼ 10;
b ¼ 0:1;H0 ¼ 1.
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mean velocity decreases under the influence of E1, E2 and E3
and time dependent mean velocity increases with increase in
Darcy number Da when both stiffness and viscous damping
force are zero (E2 ¼ 0;E3 ¼ 0) and are depicted in
Figs. 4a and 4b. It is also noticed that reversal in the flow
direction takes place.
Figs. 5a and 5b are plotted to see the effect of Magnetic
parameter (H0). Fig. 5a represents that, in presence of elastic
parameters, there is gain in the time dependent mean velocity
with the rise in the Magnetic parameter but, when E2 ¼ 0Figure 4a e ¼ 0:2;E1 ¼ 0:003;E2 ¼ 0:004;E3 ¼ 0:02;/¼ 10;
b ¼ 0:1;H0 ¼ 1.
Figure 5b e ¼ 0:2;E1 ¼ 0:003;E2 ¼ 0:0;E3 ¼ 0:0;/¼ 10;
b ¼ 0:1;Da ¼ 0:1.and E3 ¼ 0 the increase in H0 decreases time dependent mean
velocity, as plotted in Fig. 5b.
From Fig. 6, we see the variation of the time dependent
mean velocity for various values of compliant wall parameters
E1, E2, E3. Thereby, we observe that the time dependent mean
velocity decreases due to increase of the non-zero elastic
parameters E1, E2 and E3.
Figure 6 e ¼ 0:2;/¼ 10;b ¼ 0:1;Da ¼ 0:1;H0 ¼ 1.
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The wall property effect on the peristaltic motion of a couple
stress fluid in a porous medium with slip conditions is studied.
The long-wavelength and small Reynolds number approxima-
tions permit an asymptotic approach to the problem. The
effects of slip parameter at the wall and magnetic field are
taken into consideration. Velocity profiles are traced for vari-
ous parameters of interest such as couple stress parameter, slip
parameter, Darcy number, Magnetic parameter and elastic
parameters. This study is appreciative in the biological fluid
transport and adds to the progress of medical science.
The outcomes demonstrated through this study are as
follows:
 The magnitude of time dependent mean velocity decreases
with increase in couple stress parameter, slip parameter
and Darcy number, under the presence of stiffness and vis-
cous damping force while, the time dependent mean veloc-
ity increases with increasing couple stress parameter, slip
parameter and Darcy number under the absence of stiffness
and viscous damping force.
 Time dependent mean velocity increases with Magnetic
parameter in presence of stiffness and viscous damping
force while, it shows opposite behavior for the absence of
stiffness and viscous damping force.
 Time dependent mean velocity reduces with gain in non-
zero elastic parameters.
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